§5, Quadratic id=als

In thisg gection we want to describe the structure of
minimal guadratic ideals (when Lhey exist). We will see that
a minimal guadratic idesal B almost has the form B = eies for
5 DIme divisicn idempotent ¢, =0 that a rich supply of minimal
ideals affords 2 rich supwnly of divisicn idempotents. In turn,
these idenpotants provide ths key which unlochks the structure
of semigimple alternative algebras with d.c.e. on guadratic
ideals,

A more gensral concest Lhan Lhal of invertibility is

regularity, where an cloment x is {(von Heumana) rsgulsr if
thers existes an elemsnt v such that
MYM o= M
Notice in tais cuase that the elements
= ®V T = vy

< L | Y - £,k If' b I 2 - < i
are idempoltents: @8 = {(#yvx)ly = ®y = g and 7 = yixynr) = yx = =
by Artin. Alzo xf = % = ex since xyx = x. In particularx,

@ and £ are nmonzero if x is nenzers; so regular elemsnts give
rise Lo idempotents,

We say X,y are regularly paireda 1f

HYH = M, WHY &= ¥ .
TFor sxanmplese, 17 = and ¥y ave inverses {even cne-sided inverses)
they are regularly paired. Any regular slement x can be reg—

ularly paired with some vy because



5-2

3.1 DLemna. If x is rsgular, xy'x = x , then x is regularly
paired with v = y'xv'.

Proof. 17 ro= 1 u = {1 i P -
x Y LKL?TY LXUY'(.K'Y ) ny'x o

so U = = un . = ] = = 3
v ¥ Uy,dx[y,h U Uy Uy,x v . B

If two eclemenbks are paired, the guadratic idezls Lhey gen-

erate are zlso paired

5.2 (Pairing Lewma) I£ b,d are regularly paired with corrsz-

ponding ildempolents e = bd, £ = db then the principal guadratic

SR U A Ufﬁ ars ilsomorphic under linear bijeclions

which preserve subguadratic ideals

ideals U 2, U
B

}'{d Lr-i
U, & {tl_;'irﬁﬂ o7 ‘“_I__j U2
b b
and similarly
. IJ I}
N Gl ety anA ia—-; U_A
= gy Reges dgmel S o
.Ib \l:l
FProcfl. We
firset establish Lhe operator identilies
B Ry, = Uy BB U = U
B.bUE = Ublﬂ lﬂiub = UcLb '

e first £ wa £ 5 = I, = 4 = i
The first follo fram RhRﬂ[RbTh] Rbﬁh I RbIEJ Ub and
similarly . R U = 1

] d &= =

i ..-. [ = | - 1} . -+ f' s Factor g L - s
gince Lc de hdUde where the first facto sheorbs an

g = |l___-| b | = R 3 | o - e I T T - 1
Hd:{b then L’;—JLQ hb{l\dUdeJ Ude v UeLb f{dUDLd} _Lb l-.'.lLb
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From this we get .
i == % 1T F
R, (U_A) ULy U A
Yy oEs POl
Hb[U_", UdeP UA
so wa have maps Uﬁﬁ‘——gﬁ u_a ——fﬁrubﬂ which ares inverses

Bl BB = ' ; SHRL = I ¥ = 1I :
becase hbxd I on U A and Ad“b L on Ugh. }thUh Lb and

RdRDUE - ue !

A dual arguwent (interchanging T's and B's) chows

s A
Ubﬁ Eﬁ%f Uﬂbﬁ = UfA r» while a symmalrie argumsnt (interchanging
I Ti.
b and 4} esta>lishes U A s——» U..A = U_.A , and dualizing this
I. d ¥~ b £ ;

Hince RJ and ils inverse R, take gquadralic ideals into
C wd
quadralic ideals (Cx is guadratic 1f C is),the bijzetions pre-

[al]

serve guadraebic idesls, o

e

This will be uwseful in classifving minimal quacratic ideals:
nole that if U A eenleins no proper cuadratie ideals then neitheor

will O A or U.no,
@ i

5.3 (Minimgl Quadratic Ideal Theorem) If B iz a minimal cpuEd—
ratic ideal in an alternative algebra A, it has one of the fol-

lowing forms

(L) B dz for = tLriwvial

(II) B = efe z division algsbra for e a
division iiemﬁctant

(I1T) B is a trivial algehra, B2 = 0 , but

+

B = bab for any bk # 0 in 8 .
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In the last case, for each b # 0 in B there iz 4 € A and

nonzero orthogonal division idempotents & = bd , £ = db with

Il

B =~ (efelb = b(ZRf) che =R4 IAf = 4B .

Prcof, If B contains a trivial clement z then #z is
already a nonzero guadratic ideal, so B = ¢z is of Lype (I).
[We are not saying conversely thab 2z is minimal 1f z is triv-
izl; this ig true if ¢ is a fi=2ld, but not in gencral].

From now on assums B has no trivisl clements, Thus for
b # Q we have biab ¥ 0 % since the latter is & guadratic ideal,
containaed in B, It nusgt be all of B by minimality:

nhaly = B AT L & 0 .
This foroos B o be & subalgzshra, BEC B: if b ¥ 0 then any
L' has the form h' = bab for suitable a € A , sc bh' = bi (ba) b}
< biba)yb € LA CTE .

If bE = 0 for some b & 0 then BE = (AR)B = b{A(REB}YY = 0 ,
6h B G B BRLE TE s type (IIIY. Similarly if Bb = 0 ,

Both bE and Bh are quadratic ideals, and since B it a sub-
algebra they are cantqineﬂ in B if they are nonzoro thoy must
he all of B by minimality: BB = Bb = B. Then Ly, rlt, are sur-
Jective for g11 » ¥ 0, and thcrefore by Lha all L—fﬁﬂt For Tmits
I. 4.6 B has unit ¢ and iz a division algebra {(implying ¢ is
a d?viﬁiﬁn iLdewpotenk,; so we have case 1I),

We rebturn Lo case (117). Since B o= UJA for h # 0 in B wa

I

must have b = . a for some a © A. Then we know b is regularly
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1
Ln

Paired with d = Uab: Ubd = b, Udb = d . By the Pairing TLemma

fA For

i

E =1UA is iscomorphic to Ueh and U = bd, £ = db

b

B = (ehe)b = L(fAf) Bd = ele dB = fAf .

S

Since thesc linear isomerphisme proserve cuadratic ideals, B

is mirimal (= has Hdo progzer quadratic ideals) i5f el is mip-

' & =k

imal. Since efe has unit e, it is of tYpe TI, 0 e is 4:
{and similarly Tor £} .
If we are willing to work a little harder Woooan even

arrange it so thal &,f are orthagenal, If£ we have

B2 = a2 = ¢
< T- K ng das Y e SO 1 2 ey = e " k] — 171-, 2
Lthen ef = (Ld) {(dh) = Ed°L = 0 y o = (db) (B4} = ab®d = 0 and

: ) y 2 5
e.,f are orthogeonal. Antomatically ™ = 0 in case ITIT.

dz ¥ 0 we replace 4@ hy o = d - hdz = a = ad ; then eco = ad « ezu

= = g =0 and kg B odh - Bl = A - 2l = o (note de = dbd = )
k]

and be = hi - i“dg = kd, s0 we =till have behk = (bd)bh = b and

che = ¢(bd) = ¢e = ¢ , but now also C2 = (ee)c = cf{se) = 0 ,

T

Replacing d by ¢ we obtain new &' = bo = bd = & and £' = ob

s = o "o
= db - db%d = f - fo waich ars now crlhogonal, 03

5.4 Hemark. There isc anclher way of interpreting case IIT.
2 2 2 2

When bh™ = @ = 0 we have (b d}™ = bd + db = & + £ an idempotent
and U =(lL-ae=Ff) +b+ & in &' has uz = (1 - o - f}z
+ (I + th,]2= (1L —ec~=-1T) 1 (e + £) =1 (as B I1H = B'S BiE & £},

(e + )d = d = dle + £) from ebh = b =Dbf , fh =0 =h e ,

ed = df. = 0 , fd = de = @), Thus o is invertible, and in the

(T, 1)

isctope A we 5Lill have B a minimal guadratic ideal, but
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00Ut alarmn: DG Garisie 0 WD T D0 T

= bdh = b . In other words, b becomes an idempotent in ﬁ(L’ﬁ}

so B beccmes type IL in the isotope. &
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show 2z for an absolute zero divisor is a minimal

- . . . . § . ]
gquadratic ideal iff z™ = [Uﬁl?[ﬁz = {0} is a maximal

dideal in 4.

Use’ a SGehar's Lemma Lype argument fo show a minimal

gquadratic ideal B is either trivial (=s in I ar

or is z division algebra.
Rather than usc the guadratic-ideal-prescrving
Be—che (e = hd), prove direclly =ae is a divisi

in case III by showing U___(edhe) = ele for a

G &

L

Cenaider the asscocictive algebra o = M (2} (¢ a
- J.-i ad

Decide which of the following guadratic idsals

and classify Lhen according to btype: (i) ¢a12 j
Eid.a T @ezz + Con T ¢532 5 QLBj , Liv) €9 5 ﬂulg

I11)

hijection
icn algebhra

eas # 0,
fisld) .

are Il

() {Dll +- rJEJ% 24y + clzj e v {Ell ¥ 2?}a“Fll = &22} ;

(wvii) cll I\.E.l.t_ :

Describe all minimal guadratice ideals in & Cayley diwvision

algebra (over a field @) ; in a split Cayley al

besoribe all guadrazic idezls in A = 7 oand A =

are minimal?

'CJ ::‘-bl'a .

Eii ; whicgl



